Abstract: I provide a full characterization of the quality choice in duopolies with vertical differentiation, without assuming ex-ante if the market is fully covered or not. This will allow to show that covered or uncovered market configurations are endogenous outcomes of firms' strategic interaction. To this purpose, I assume that firms are characterized by quadratic fixed costs of quality improvements and check whether pure-strategy subgame perfect equilibria with a corner solution always exist. Finally, my results are compared to the quality choice that maximizes the total surplus of the economy. I show that the welfaremaximizing choice of qualities does not have to be found in the same market configuration of the corresponding market equilibrium.
Introduction
Oligopolies in which firms sell products of different qualities have been analyzed first in Gabszewicz and Thisse (1979) . They concluded that price competition could yield either market outcomes where some consumers prefer to refrain from buying (uncovered market configuration) or outcomes where all consumers buy one of the two products (covered market configuration). The alternative which actually realizes depends on the degree of product differentiation and the extent of consumers' heterogeneity 3 .
Assuming that firms do not cover the market, Choi and Shin (1992) show that the low quality firm will choose a quality level which is a fixed proportion of the higher quality's firm choice. On the contrary, Tirole (1988) assumes that firms cover the market and shows that firms maximize product differentiation over the available range of qualities. In this discussion, we attempt first to provide a full characterization of the quality choice, without assuming ex ante that the market is, or is not, covered. This will allow us to
show that covered or uncovered market configurations are endogenous outcomes of firms' strategic interaction. The first who recognized this possibility is Wauthy (1996) , analyzing a vertically differentiated duopoly where firms produce at no cost. He identifies the parameter ranges where either a covered or an uncovered market configuration arises in equilibrium , as well as a range where a corner solution at the price stage is obtained. Ecchia e Lambertini (1998) study a similar model with quadratic variable costs of quality improvements, so that the well known finiteness property does not hold (see Sutton, 1983, Crampes and Hollander, 1995) . They investigate the existence and characterization of pure strategy subgame perfect equilibria for a fixed market size, considering alternatively both the uncovered and covered market configuration. Similarly to Wauthy, they find a parameter range in which neither configuration can be properly defined; however, when unit costs of investment in quality are introduced, they prove that a pure strategy equilibrium which contains a corner solution in the price subgame fails to exist. This is due to the incentive for the high-quality firm to set a quality such that the rival's sales are driven to zero.
We consider a vertically differentiated oligopoly with quadratic fixed costs of quality improvements (so that, similarly to Shaked and Sutton's contribution, the finiteness property holds), analyzing whether in this case pure-strategy subgame perfect equilibria with a corner solution in the price subgame exists.
Contrarily to Wauthy, in our model the high-quality firm faces a trade-off in increasing its quality: higher product differentiation might lead to higher equilibrium prices, but at the cost of an higher investment in quality and possibly of a lower market share.
With respect to Lambertini and Ecchia (1998) , we also find parameter ranges in which pure-strategy equilibria don't exist. The presence of fixed costs, however, allows equilibria with corner solutions and possibly the disappearance of equilibria will full coverage. Also, we compare our results to the quality choice that maximizes the total surplus of the economy. Contrarily to what happens in the previous literature on the subject, we will show that the welfare-maximizing choice of qualities for a given distribution of consumers' characteristics doesn't have to be found in the same market configuration of the equilibrium.
In the next section we will set up the model. In Section 3 we derive the equilibrium in the price subgame, while in Section 4 quality choice will be discussed. Section 5 derives the welfare-maximizing choice of quality levels and Section 6 presents some concluding remarks.
The model
The basic features of the model used are standard in studies of quality differentiation with oligopolistic competition (Mussa and Rosen, 1978 , Gabszewicz and Thisse, 1979 , Shaked and Sutton, 1982 , Ronnen, 1991 and Constantatos and Perrakis, 1998 . The demand side of the market consists of a continuum of consumers indexed by s, the taste parameter 4 . We assume that s is continuously and uniformly distributed on an interval [b,a] , where a, b >0. For simplicity, we normalize the difference between the extremes of the distribution to 1: a-b=1
be the utility function for each consumer, where θ i >0 is the quality of the product sold by firm i and p i the corresponding price. The implicit assumption is that each consumer buys at most one unit of services. In case of no purchase, the utility would be zero (notice that the assumption of unit purchase seems realistic when dealing with professional services).
3 The intuition that firms are led to choose different qualities in equilibrium has been further investigated by Shaked and Sutton (1982) . 4 It would be equivalent to assume that consumers differ on income, instead of tastes. 5 This normalization implies that a>1.
There are two potential entrants to the market, identical in all aspects. In particular, each of them is constrained to offer only one quality, and faces the same fixed costs of developing the technology that enables the provision of quality θ. These quality-dependent fixed costs, C(θ), and their respective marginal costs C'(θ), are assumed to be increasing with θ: C'(⋅)>0 and C''(⋅)>0 for all feasible qualities θ∈ [0,∞) .
Throughout the analysis we shall also maintain the following regularity assumptions: C(0)=C'(0)=0 and that
Marginal costs of production are assumed to be constant (without loss of generality we suppose they are equal to zero) 6 .
Competition between the two firms is based on a three stage non-cooperative game. In the first stage, firms choose whether or not to enter the industry. At the end of the first stage, each firm observes who entered and who didn't. In the second stage each firm chooses the quality of its service. Then, having observed its rivals' qualities, in the final stage of the game, each firm chooses its price. These assumptions are intended to capture the idea that the price can in practice be varied at will, but a change in the specification of the service involves modification of the appropriate "production facilities" (Shaked and Sutton, 1982) .
Consumers are price and quality takers: given the two firms' decisions, (θ i , p i ) i=1,2 , each consumer chooses between purchasing one unit from firm 1, purchasing one unit from firm 2, or making no purchase.
The solution concept we employ is (pure-strategy) subgame perfect equilibrium. First, note that if only one firm entered the market in the first stage, it becomes a monopolist in the third; in this case, it is easy to verify that, if a<2, p M =(a/2)θ M , while the monopoly market share is [a/2, a] 7 .
Otherwise, if both firms enter the market, then the second-stage subgame is characterized by a couple
however, if the same qualities are set, then the services become homogeneous and
Bertrand competition in the third stage would drive profits to zero. In models of vertical differentiation then, only the asymmetric case of different qualities has to be considered, since there is no profitable deviation consisting in setting equal qualities. In this respect, the strategies of the second stage could be equivalently
where the subscript H denotes the firm that has entered the market with a 6 This seems to be a consistent assumption with the industry of professional services (see the second part of this analysis). The main cost for lawyers, physicians, architects and so on is the fixed cost they have to pay for their education period (in general terms, the longer their education, the higher the quality of the service that they can provide). Instead, it does not seem that unit costs depend on quality (variable costs are thus constant). 7 If a<2, the monopoly will then serve only part of the market and the equilibrium will result in an "uncovered configuration". Later in the paper, we will in fact assume a<2, in order to avoid the analysis of the "preemption" case.
quality that exceeds the one of the other firm (denoted with L); the former (latter) firm will be labeled the high-quality (low-quality) firm 8 .
Price competition
We will now focus on the Nash equilibrium of the third stage of the game in which both firms are active. In this price subgame, qualities (θ H >θ L >0) are exogenous and in the equilibrium the two firms will obviously set prices such that p H >p L 9 .
Demand addressed to firm i (i=L,H) is defined by the set of consumers who maximize utility when buying product i rather than product j or refraining from buying.
marginal consumer who is indifferent between consuming either one of the two products and by s the consumer with the lower taste for quality who however still buys one unit of the (low-quality) product, that
In equilibrium some consumers may refrain from buying, as indicated in (1a). In this case we say that the market is characterized by an uncovered configuration; otherwise we say that the market is covered.
Finally, since θ H >θ L , all consumers would prefer to use the high quality service if p H =p L . The high-quality firm may thus benefit from the possibility of preempting the market with a limit price, p
. This implies that, as pointed out originally by Gabszewicz and Thisse (1979) , three market 8 Note that the two firms are ex-ante identical. If a subgame perfect equilibrium exists with firm 1 being the high-quality firm, then a totally symmetric equilibrium with firm 2 being the high-quality also exists. From now on, however, we will only label firms with H and L. 
The Nash equilibrium in the price game is obtained in two steps. Given a, θ H and θ L we first compute the equilibrium candidates for each market configuration. Then, we identify the parameters constellations such that these candidates effectively yield the corresponding market outcome. In particular, we will identify four intervals for the value of d p =a/b=a/(a-1), a rough index of consumers' heterogeneity, whose bounds will depend on the degree of product differentiation, i.e. on d q =θ H /θ L :
Uncovered market configuration
In this case, the revenues of the two firms are
and the "relevant" portion of the best response functions is 12 :
so that the equilibrium prices are:
Notice that both equilibrium prices depend positively on a (and then negatively on d p ): the "more" consumers value quality, the greater the revenues for both firms, and this preference will be then reflected on prices. Also, the high-quality firm's share is always twice as high as the low-quality firm's share and both increase with a:
implying that as a increases, so that consumers' preferences are more concentrated, the share of
intuitively, increasing θ L would make the two services closer substitutes and push p H and p L down.
However, as θ L increases, also the low-quality firm's market share increases and this effect might prevail.
This price equilibrium in an uncovered configuration exists however only if, as assumed,
Covered market configuration
If the values of a, θ H and θ L are such that (5) is not satisfied there might be however a price equilibrium with a covered configuration, where all consumers purchase the service. In this case the revenue and the "relevant" portion of best response function for the high-quality firm are the same as in section 3.1 13 , while for the low-quality firm they are equal, respectively, to
Notice that in this price equilibrium p L ** depends negatively on a. The positive effect described for the uncovered configuration is dominated by a decrease in the low-quality firm's market share which pushes its price down. In fact, the low-quality firm's share decreases with a and doesn't depend on the two firms' qualities:
increasing θ L makes the two products closer substitutes and always pushes p L (and p H ) down. As it happened in section 3.1, however, this equilibrium is defined only if at these prices we are indeed in a covered configuration, as assumed. In particular, the price set by the low-quality firm should be positive, a<2, while the consumer with the lower taste for quality should enjoy a non-negative utility by purchasing the (low-quality) service,
in other terms 
still an equilibrium with both firms operating in the market exists and it is characterized by a corner solution:
the high-quality firm's best response function is the same as in (2), while the low-quality firm quotes the price which is just sufficient to cover the market. The equilibrium prices in this case are then:
In the corner configuration, p L depends positively on θ L and this appears counterintuitive. However, note that an increase of θ L implies a relaxation of the constraint (8) and allows the low-quality firm to set an higher price, closer to the unconstrained "optimum". Also, while the low-quality firm's share depends positively on d p as in the covered configuration, it also depends on the (exogenous) qualities chosen in the second stage, as in the uncovered configuration. Clearly, as d p increases, the transition from an uncovered to a covered configuration is not smooth: for a significant range of this parameter, as Wauthy (1996) originally underlined, the price equilibrium is a corner solution. The relevance of the result is due to the fact that the nature of competition in this three configurations is different. When the market is covered, in fact, price competition is a pure battle for market shares, while in the other two configurations part of this battle is played during the second stage, as well, even if with different implications 14 . As product differentiation increases, the low-quality firm's share decreases in the uncovered configuration, because the increase in p* H is counterbalanced not simply by an increase in p* L but also by a greater amount of "excluded consumers". On the contrary, as long as d p and d q are such that a corner solution is defined, the market is totally covered, so that greater quality differentiation is a clear advantage for the low-quality firm.
If d p <2 the market will be preempted by the high-quality firm. The equilibrium is given by p P L =0 and p
. However, our interest is focused on situations in which both firms are active, so that from now on we will assume that d p >2.
In conclusion, unique price equilibria exist in every configuration; there is clearly an intrinsic advantage for the high-quality firm, which in every configuration enjoys higher revenues 15 . Also, in any equilibrium price 14 The share for the low-quality firm in the covered configuration is
15 It is easy to verify that in every configuration, a price strategy for each type of firm that makes the other firm's share equal to 0 implies for the low-quality firm a price well under its rival's price, while the opposite would happen for the high quality firm: using its better quality the latter can "eliminate" the other product while maintaining an higher price. The competition intensifies as the quality differentiation shrinks since then the two products become closer substitutes. Finally, it is the relative position of d p and d q which determine the relevant price equilibrium:
Proposition 1: The Nash equilibrium in prices and the associated market outcomes are determined as a function both of population heterogeneity and the degree of product differentiation 16 .
Note that only d p is exogenous to the model. Qualities will be optimally chosen by both firms in the second stage of the game. In the next section we will show how the market configuration is in fact endogenous to the model; in their choice of quality, firms will decide in which "environment" they want to play and this will influence both the degree of market coverage and the nature of price competition in the last subgame.
The quality choice
Finding a perfect equilibrium for the second-stage game in which quality is chosen, and then price, is equivalent to find a Nash equilibrium in qualities. The payoffs arise from any couple of qualities being defined by the (unique) equilibrium couple of revenues in the "price choice" of the previous section.
Depending on the configuration, the total revenues arising from the price equilibrium are the following: 
incentive in pursuing this strategy is then different between the two firms See Lemma 3 in Shaked and Sutton (1982) and Polo (1991) for the covered and uncovered case, respectively.
In the absence of any quality-dependent fixed costs the Nash equilibrium strategy for the high-quality firm is quickly determined; independently of the market configuration, TR H depends positively on θ H , so that if we assume that there is a maximum quality θ that each firm can produce, then θ H = θ . Shaked and Sutton (1982) examined this case considering a covered market only (cases B and C), while Wauthy (1996) pointed out more clearly that the choice of the low-quality firm depends on the population characteristics.
In his contribution, without quality-dependent fixed costs, one firm chooses the best available quality and the other firm either chooses a fixed proportion of the best quality or a quality level which is determined by population characteristics. This determines whether the market is covered or not in the price game.
Our analysis welcomes the idea that the distribution of consumers' tastes is a decisive factor for product differentiation. When the distribution is broad, we expect that quality choices will result in the market being served partially, while when it is concentrated, a fiercer price competition cannot be avoided by the choice of qualities. However, this result clearly depends on the absence of any cost in producing quality, the main implication of it being the elimination of any strategic element in the high-quality firm's behavior. Also, this hypothesis always insures the existence and uniqueness of the Nash equilibrium in qualities: with the highquality firm setting its quality at the highest possible level, the-low quality firm can actually choose the configuration that brings it the highest profits.
If we recognize that investing in quality is costly 17 , results might change: (1) (pure strategy) Nash equilibria in qualities might not always exist; (2) there are conditions which eliminate the possibility of a particular market configuration to actually emerge in equilibrium; (3) while the equilibrium in qualities is always suboptimal, it is not clear whether, for a given distribution of consumers' tastes, the comparison with the social optimum should be performed conditional on the equilibrium market configuration. Even if we wanted to restrict our attention to one particular configuration (as previous analyses often do), we need to recognize that the social optimum might imply a different market structure.
Finally, the absence of quality costs is not particularly satisfying for regulation purposes. Consider for instance the introduction of price floors with the goal of increasing the average level of quality. Without costs, the high-quality firm's behavior wouldn't change and the only effect would be an increase in the quality chosen by the other firm 18 ; the conclusion is that price floors would be always welfare-improving. In the remaining of this paper, then, we analyze what happens when we assign a more active strategic role to the high-quality firm in its choice of quality.
Fixed costs and quality choice
For a (pure strategy) Nash equilibrium in qualities to exist it must be that each player is playing his best response; also, if it exists, it must be in one of the three configurations defined in Section 3. Our procedure will then follow the following steps:
i) we obtain the equilibrium candidates in qualities for a given market configuration by looking at both firms' best response function;
ii) we check for which values of the parameter d p these equilibria are defined and if there exist sets of values for this parameter such that more than one configuration is feasible;
iii) we check if, given part i), at least one of the two firms has any incentive to deviate by setting a quality which would lead to a price subgame in a different configuration; iv) we define the subgame perfect Nash equilibrium for different values of d p .
In order to find closed-form solutions at least for the equilibrium of the first two market configurations, it seems appropriate to assume here a specific functional form for the cost function. From now on, then,
Partial market coverage
Focusing first on the uncovered configuration, Ronnen (1991) proved the existence and uniqueness of the equilibrium :
Theorem 1 (a) There exists a unique pair (θ* H , θ* L ) in the uncovered configuration which satisfies the following two conditions: Proof: see Ronnen (1991) .
Using Assumption 1, the couple of qualities satisfying Ronnen's theorem is (θ* H =.2533a 2 , θ* L =.0482a 2 ).
However, this couple indeed forms an equilibrium only if: (a) inequality (5) is satisfied and (b) none of the duopolists have incentives to deviate and set a value for quality which would bring the two firms to play the price subgame in a different market configuration. Condition (b) will be discussed later, while it is easy to verify that (a) is true only when d p ≥ 4.70.
Full market coverage
If an equilibrium exists in the covered configuration it is unique and satisfies the principle of maximum differentiation. In fact, the low-quality firm's profits are
Clearly, they are decreasing in θ L , so that the latter will be set at the lower value that satisfies (9), that is
The profit function for the high-quality firm is 2 2 2 1 9
, globally concave and with a unique maximum that doesn't depend on θ L . The equilibrium quality candidates are then: analysis; however, it seems likely that the results of Sutton (1982 and 1983) on natural duopolies for the covered configuration and the corner solution can be extended to the case of quality-dependent fixed costs. In the uncovered configuration, a firm can always enter the market with very low quality and obtain positive profits. Thus, under these assumptions, the only possible equilibrium has infinitely many rivals in the market. However if we modify the structure of total costs: TC=C(q) +c, where c is some "small" fixed entry cost, only finitely many competitors enter the market, all with different qualities. The characteristics of the equilibrium are qualitatively identical to the ones shown in the paper. On this point, see Ronnen (1991) .
Notice however that, contrarily to the previous case, both firms might suffer negative equilibrium profits, so that in the first stage of the game one or both firms might stay out of the market. 
The corner solution
As for the corner market configuration, both firms' profits are continuous and always concave 20 . The unique candidate for an equilibrium, ) , (
is the unique non-complex solution of the following thirdorder system of FOCs:
which cannot be obtained in closed form. However, using the Theorem of Implicit Functions we can prove that the best response function of the low-quality firm is always increasing and concave while the one for the high-quality firm is concave, first increasing and then decreasing. Also, defining )
as the two (continuous) best response functions, it is easy to show that BR L (0)<0,
. These conditions are indeed sufficient for the existence and uniqueness of this equilibrium candidate 21 .
Similarly to the two previous cases, this couple of qualities forms an equilibrium in a corner configuration only if (a) inequalities (10) 
. This condition is satisfied by Assumption 1. 21 Also, profits are always positive for both firms (see footnote 17).
configuration. As for part (a), it is simply a matter of computation to show that while the equilibrium candidates always satisfy (10) However, an equilibrium may still exist where the two qualities are optimally set such that θ
that is when the first part of (10) is satisfied as an equality. In this case, there is in fact no incentive to deviate inside the covered configuration for neither firms, even if the optimal choice for the low-quality firm is positive only if d p <10. Then, the (unique) solution of the system (15) is a candidate for an equilibrium only when 10<d p <2.
Also, notice that θ** L corresponds to the upper bound for the low-quality firm that defines a corner solution 22 . Then, for a given θ** H , the low-quality firm's best-response in the covered configuration will be always beaten by the one in the corner solution, whenever this one is defined. As we noticed earlier, the assumption on the cost function limits the existence of an equilibrium with two operative firms in the covered configuration to values of d p such that d p <2.93. This has the following implication:
Proposition 3 Quality-dependent fixed costs might exclude the existence of a duopoly equilibrium in a covered configuration where firms move simultaneously. This is the case when C(θ)= 1 2 2 θ .
In Wauthy (1996) the absence of any cost for the investment in quality created exactly the opposite situation. Contrarily to our case, there it existed a range for the parameter d p such that only the covered configuration equilibrium was defined and an equilibrium there existed. Here, the equilibrium profits of the low-quality firm depends negatively on d p in both configurations, but the corner solution candidate is defined for a wider range of values for d p , so that it always creates an incentive for the low-quality firm to deviate if it happens to be in a covered configuration.
In any case, it is noteworthy that the transition from uncovered market structures to covered ones is not smooth. The nature of competition changes when the market is covered; in that case price competition becomes a pure battle for market shares. No a priori condition should be imposed. 22 The second inequality of (10) can in fact be rewritten as 1 2
. On this point, see also Lambertini and Ecchia (1998).
The subgame perfect equilibrium
The analysis in subsections 4.2, 4.3 and 4.4 simply established that a subgame perfect equilibrium in qualities can exist in an uncovered configuration or in a corner solution, and that for a range of d p (4.70<d p <10) both candidates are defined. In order to find the subgame perfect equilibrium, however, we still need to check whether one of the two players (or both) wants to deviate to another configuration, given what the opponent does. (4-3a) , so that θ C L =a/2 -5/9. In this case, even if the high-quality firm has no incentive to deviate inside the configuration by setting an interior optimum, some algebra shows that its profits are always higher in an uncovered configuration, that is 24 Including leapfrogging in another configuration. 25 The same thing would happen if the first part of (10) would be set as an equality for the low-quality firm. In this case, θ
configuration with the optimal choice of θ θ a subgame perfect equilibrium in a covered market configuration doesn't exists.
Welfare analysis
The equilibrium in qualities is always suboptimal. As we will see, the welfare-maximizing values (θ L ,θ H ) W are always greater than the ones emerging from an "unregulated" equilibrium, even if it is not clear a priori whether the social optimum calls for more or less quality differentiation: the trade-off would be of course between higher qualities and lower prices. It is important to notice, however, that if the market configuration is endogenous to the quality choice of the duopolists, it is not obvious that the social optimum has to be found in the same market configuration of the equilibrium. To prove this point, we define the social optimum as the sum of consumer surplus and producer surplus (the latter being the sum of the two firms' profits); in other words:
where Ronnen (1991) and Wauthy (1996) In order to find the socially optimal market configuration for different values of d p we will follow a similar procedure to the one used for market equilibrium. First, we will find the welfare-maximizing choice of qualities conditional on a particular market configuration. Second, we check if for particular intervals of the index d p more than one socially optimal couple of qualities is defined. Third, if this happens we compare the total welfare of these two or more values to define the socially optimal couple of qualities.
For all market configurations, the maximization problem is the following 28 :
In the uncovered configuration, constraint (2) 
where the sum of the first three terms of the numerator is negative for d p >2, implying that the principle of maximum differentiation for the low-quality firm [eq. (13) 
and while the distance is obviously constant, both qualities increase. 
A possible social optimum is also available in the corner solution. In this case, we are unable to obtain a and the profits for the low quality firm are equal to 0. Also, the unregulated equilibrium configuration doesn't always correspond with the welfare-maximizing market configuration.
31

Conclusions
In our analysis we investigated the existence of a pure-strategy subgame perfect equilibrium in a vertically differentiated duopolies with fixed costs of quality improvements. Contrarily to the analysis conducted by Wauthy (1996) , where firms produce at no cost, the high-quality firm has now an incentive to decrease quality in order to reduce production costs and/or increase its market share. Hence, a pure-strategy subgame perfect equilibrium may fail to exist. This fact was also recognized by Lambertini and Ecchia (1998) , who assumed variable costs for quality improvements.
In this aspect, also models of vertical differentiation with the finiteness property suffer from a problem of non-existence of the equilibrium in pure strategies, similarly to what happens with horizontally differentiated duopolies.
However, differently from that contribution, the degree of convexity of fixed quality production costs in the relevant parameter space doesn't prevent a unique equilibrium with a corner solution to exist. What disappears, given our assumption on fixed costs, is a subgame perfect equilibrium in which the market is fully covered.
Finally, we showed that models with vertical differentiation should be carefully used for policy analysis. The welfare comparison between the equilibrium and the social optimum should be performed without assuming ex-ante a full or partial coverage of the market. For some parameter range, the socially optimal configuration doesn't coincide with the one emerging in the unregulated equilibrium.
31 For instance, when 5.14<d p <5.15 the unique market equilibrium is in the uncovered configuration, while the social optimum is in the corner solution. Also, when a<2.47 the equilibrium is in the corner solution, while the social optimum is maximized in a covered configuration.
